In this paper, the possibility of inserting an increasing continuous lattice-valued function between two comparable semicontinuous functions is studied. First, we obtain a sufficient condition for such insertion, then we get new characterizations of several classes of preordered topological spaces, among them normally preordered and extremally preorderdisconnected spaces. Conditions for the continuous and increasing extension of latticevalued maps of the same type defined on closed (resp. open) sets are also investigated.
Introduction
Effort has been devoted over many years to study the conditions for inserting a continuous real-valued function between a given pair of comparable real-valued functions of some pre-assigned type. It started with the work of Hahn [10] for metric spaces, which was later extended to paracompact spaces by Dieudonné [3] . Since then, the insertion of continuous real-valued functions between a pair of comparable functions has been used to characterize separation and countability properties of topological spaces, where different assumptions on the functions lead to different classes of topological spaces. Classical results are Katětov and Tong's characterization of normal spaces [11, 27 ], Dowker's characterization of normal and countably paracompact spaces [4] and Michael's characterization of perfectly normal spaces [16] .
In the fifties, Nachbin [18, 19] (see also [17, 20] ) introduced the notion of normally preordered topological space and generalized, to this new class of spaces, the fundamental results of the theory of normal spaces due to Urysohn. He proved that the existence of a continuous increasing function between two comparable (either by inequality or strict inequality) upper and lower semicontinuous functions, one of them increasing, was ensured by requiring the space to be compact preordered. In 1968, Semadeni and Zidenberg [25] proved that Nachbin's interpolation property becomes a characterization of normally preordered spaces if both upper and lower semicontinuous functions are assumed to be increasing. They exhibited an example showing that the stronger condition (both increasing) imposed to the semicontinuous functions is not superfluous if the space is not compact.
Soon after, in 1971, Priestley [22] , analyzing for non-compact T 1 -spaces Nachbin's condition of insertion, arrived to new notions of normality (the so-called N i , N d , N-spaces) that fit better in Nachbin's interpolation statement. Indeed, the variants ✩ This research was supported by the Ministry of Science and Innovation of Spain under grant MTM2009-12872-C02-02 and by the UPV-EHU under grant GIU07/27. of Nachbin's interpolation statement, when only one of the two involved semicontinuous functions is increasing, give rise to a characterization of N i -spaces and of N d -spaces. However, no characterization of N-spaces in insertion terms was given in [22] , except in the more restricted class of T 1 spaces with a closed order, in which an N-space is nothing but a space which is simultaneously an N i and an N d -space.
Recently, Edwards [5] investigated insertion properties of semicontinuous real-valued functions that surround extremally preorder-disconnected spaces.
All these results reduce to classical insertion theorems from general topology when the (pre)order is discrete. Clearly, every insertion theorem necessitates the range space to be endowed with a partial order. Influenced in part by other areas of mathematics and also by computer science, functions with values in a more general poset rather than in the real line as well as spaces in which no separation axiom (or only T 0 ) is assumed have deserved attention (see [1,6-9, 13,14,24,28,29] ). The natural link between preordered sets and topological spaces established via the specialization functor gives natural examples of preordered topological spaces and reinforces our choice of considering spaces free of T 1 axiom, since the specialization preorder is discrete for T 1 -topological spaces. Insertion theorems for functions with values in a -separable completely distributive lattice were studied, among others, by Gutiérrez García, Kubiak and de Prada Vicente in [8] . This work deserves special mention because it is crucial in the development of our study.
The present paper deals with lattice-valued functions defined on preordered topological spaces in which no separation axiom is assumed.
We seek conditions for the insertion (double insertion) of a continuous monotone function (a pair of semicontinuous monotone functions) between comparable functions of a prefixed type. Note that we shall only study the increasing case since the conditions for the insertion of a continuous decreasing function can be deduced from the increasing ones.
The techniques established in [8] allow us to give, for preordered topological spaces, lattice-valued counterparts of some results for real-valued functions given in [25, 22, 5, 30] . Most of the results obtained in this paper reduce to the ones in [8] when the preorder is discrete.
The paper is organized as follows: In Section 2, some concepts and notation of a merely auxiliary kind are given. Besides, some properties of lattice-valued functions defined on preordered sets are studied, which are of a technical interest on their own. Section 3 deals with normal-type separation axioms on preordered topological spaces and some remarks related to them. In Section 4 we first establish a sufficient condition for inserting a continuous and increasing lattice-valued function between a pair of comparable functions. It is the key to obtaining new different characterizations (in terms of insertion and double insertion) of normal-type preordered topological spaces, which are also given in Section 4, as well as of extremally disconnected-type preordered topological spaces, which are studied in Section 5. Finally, Section 6 is devoted to the study of extension properties of continuous and increasing lattice-valued functions on preordered topological spaces.
Preliminaries

Lattices
In this paper L will always denote a completely distributive lattice (with order and bounds 0 and 1). We refer the reader to [6] for general concepts regarding lattices and complete distributivity not defined herein.
Instead of using the equational characterization of complete distributivity, we shall use the description of complete distributivity in terms of an extra order with the approximation property [21] . 
percompact if a a holds. As in [8] , any completely distributive lattice which has a countable join-dense subset free of supercompact elements will be called -separable.
Semicontinuous lattice-valued functions
Below we collect some results and properties regarding lattice-valued functions that will be needed later on. They mainly come from [8] .
Given a set X , L X denotes the collection of all functions from X into L ordered pointwise, i. 
We now recall the general procedure for generating lattice-valued functions developed in [8] . This technique will be essential throughout the paper. See [26] and [2] for the case of real-valued functions.
The following property of scales is essential for our purposes.
Lemma 2.1. ([8, Lemma 4.3]) Let D ⊆ L be join-dense and {F
The following characterizations of continuity-like properties in terms of scales will be needed later on: 
. The proofs of Lemma 2.1 and Proposition 2.2 rely on this key property.
Preordered topological spaces
Let X be a set. By a preorder on X we mean a reflexive and transitive relation on X . The preorder is called discrete if x y is equivalent to x = y. A preordered set is a pair (X, ) such that X is a set and is a preorder on X . The symbol op will denote the opposite preorder on X , i.e., x op y iff y x.
∃x ∈ A such that y x}) denotes the smallest increasing (resp. decreasing) subset of X containing A.
A preordered topological space is a topological space (X, τ ) with a preorder , which shall be denoted (X, τ , ) or merely X if no confusion is possible. The preorder is called closed if its graph {(x, y) ∈ X × X: x y} is closed in X × X . We refer the reader to [20] for general concepts regarding preordered topological spaces.
The following link between preordered sets and topological spaces is well known [24] . For a topological space (X, τ ), the specialization preorder is given by
becomes a preordered topological space. Clearly, the specialization preorder is an order iff the space (X, τ ) is T 0 ; also if (X, τ ) is T 1 , then the order s is discrete.
Monotone lattice-valued functions
We shall now study some order-like properties of lattice-valued functions defined on preordered sets. These properties are of a technical interest on their own and will be needed in the sequel.
The following proposition is straightforward: Given f ∈ L X , we denote by f i the smallest increasing function which majorizes f :
: g is increasing and f g .
Proposition 2.5. Let (X, ) be a preordered set, D be a join-dense subset of L and f ∈ L X be generated by the scale {F d } d∈D . Then: 
On normality conditions in preordered topological spaces
We recall some normal-type axioms on preordered topological spaces, which come from [18, 20, 22] . Note that we will not write the original definitions but equivalent formulations of them.
For a preordered topological space (X, τ , ), let us consider the separation properties described as follows: We shall also work with one more normal-type axiom, named N-space, introduced in [22] as:
N -space: For any closed sets F 1 and F 2 such that x 2 x 1 for any x 1 ∈ F 1 and x 2 ∈ F 2 , there exist disjoint open sets U 1 and U 2 , decreasing and increasing respectively, such that
In what follows we state a new description of N-spaces, which will serve not only to display their relation with the other normal-type axioms but also to achieve later a characterization in terms of insertion. 
Proof. X is an N-space iff for any closed sets F 1 and F 2 such that F 1 ∩ i(F 2 ) = ∅ there exist disjoint open sets U 1 and U 2 , decreasing and increasing respectively, such that F i ⊆ U i , i = 1, 2. The latter property is obviously equivalent to statement (2). 2 Remark 3.2. Notice that any N-space is an N i,d -space and N i -spaces as well as N d -spaces are normally preordered, but the converses need not be true unless some extra conditions are imposed. It was shown by Priestley [22] that in the class of T 1 spaces, an ordered topological space is an N-space iff it is an N i,d -space and the order is closed. Also, even if it was not said explicitly, in her work she used the fact that, in the class of T 1 spaces, N-spaces are also equivalent to N i,d -spaces which are also C -spaces (those preordered topological spaces in which the sets i(F ) and d(F ) are closed for any closed set F , also called anticontinuous in [15] ).
Nevertheless, these results are no longer true if the axiom T 1 is removed, since in general N-spaces neither have a closed order nor are C -spaces. This is shown in the following examples: The previous example is a particular case of a non-empty preordered topological space (X, τ u , ) in which the topology τ u is the upper topology on X determined by the preorder , i.e., the least topology in which the sets {y ∈ X: y x} are closed for all x in X . Note that the upper topology is typically non T 1 . Indeed, (X, τ u ) is T 1 iff is discrete. In particular, if the preorder is a total order, then in (X, τ u , ) there are no non-empty disjoint closed sets and hence X is an N-space.
However, all such spaces fail to have a closed preorder. Example 3.4. Let be the usual order on R and let τ be the topology determined by the family of closed sets generated by the family
(where C u denotes the family of closed sets with the usual topology). It is easy to show that (R, τ , ) is an N-space, which is not T 1 , and fails to be a C -space.
We would like to point out that, as it was said in the Introduction, in this paper we will be working in a context free of T 1 axiom. Therefore, many of the arguments used in the proofs in [22] are no longer valid in our context, since those arguments rely on equivalences which fail to be true if the axiom T 1 is removed.
We finish this section with the following proposition. It is the key to obtaining the decreasing versions of all the insertion theorems we shall give in the sequel. 
Separating upper and lower semicontinuous functions
The objective of this section is to characterize in terms of insertion of lattice-valued functions the normal-type preordered topological spaces defined in the previous section (see [22] for such discussion in the real-valued case). The results we present will generalize (to preordered topological spaces in which no separation axiom is assumed), extend (to latticevalued context) and in some cases improve the ones obtained by Semadeni and Zidenberg in [25] and Priestley in [22] (see also [23] ) for real-valued functions.
Most of the proofs of the different insertion theorems we shall obtain in this paper share a common strategy based on Katětov's results [11] , which will be stated in Theorem 4.5.
We shall need some auxiliary concepts and results. 
(interpolation property) Let After all these preliminary results, we are now in a position to state a sufficient condition for inserting a continuous and increasing lattice-valued function between two comparable lattice-valued functions. (1) and (2) Each of the insertion theorems that follow will be proved applying Theorem 4.5. The normality condition will serve to select the right Katětov relation as well as to determine the precise monotonicity conditions to be imposed on the initial semicontinuous functions.
Lemma 4.2. ([11,12]) Let X be a set and be a Katětov relation on P(X). Let A, B be two countable families of subsets of X such that
Lemma 4.3. ([8, Lemma 6.3]) Let X be a set and be a Katětov relation on P(X).
Only the first theorem will be proved in detail. 
, both are increasing and f g. By hypothesis, there exist l ∈ LSC( X, L) and u ∈ USC( X, L), both increasing, such that f l u g. Now, take 0 d 1. Then, 
Proof.
It follows directly from Theorems 4.7 and 4.8. 2
We now consider the situation in which none of the semicontinuous functions f , g is assumed to be increasing. It is clear that if one wants to insert a continuous increasing h in between, the necessary requirement that the functions f and g have to satisfy is f (x) g( y) whenever x y, equivalently, f i g. We shall see that this necessary requirement is also sufficient when we have N-spaces. 
Remark 4.11. Note that Theorem 3 in [22] is a direct consequence of the previous characterization of N-spaces, which seem to be new even for the real-valued case. Once again, we want particularly to stress the fact that in our case, the arguments used to obtain Theorem 4.10 are of a completely different nature to the ones used to obtain Theorem 3 in [22] .
Separating lower and upper semicontinuous functions
We now turn to the dual situation and seek which conditions should be imposed, either on the spaces or in the functions or in both, in order to have the possibility of inserting a continuous and increasing function between a pair of comparable lower and upper semicontinuous functions. These conditions will give rise to new characterizations, in terms of insertion, of some more topological properties.
We shall begin by imposing monotonicity conditions on both semicontinuous functions. In this case, the insertion property will characterize the so-called extremally preorder-disconnected spaces.
A preordered topological space X is said to be extremally preorder-disconnected [5] (see also [23] closed and increasing, resp. decreasing, set containing U , resp. V ). Let us finally consider the case in which none of the semicontinuous functions is assumed to be increasing. For the case of real-valued functions, this study was done by Edwards in [5] . In this case, the insertion property will characterize the spaces we shall call strongly extremally preorder-disconnected.
We shall say that a preordered topological space X is strongly extremally preorder-disconnected if for each open subset U (2) Every strongly extremally preorder-disconnected space is clearly extremally preorder-disconnected. Even if the converse is not true in general, it was shown in [5] that if the space X is extremally preorder-disconnected as well as an I -space (those spaces in which the subsets i(U ) and d(U ) are open for any open U , also called compliant in [5] and continuous in [15] ), then X is also strongly extremally preorder-disconnected.
We are now in a position to give the last insertion theorem. We would like to point out that the arguments we shall use to prove it are also of a completely different nature to the ones used in [5] for the case of real-valued functions. 
Extending increasing continuous real-valued functions
From the insertion theorems obtained in the previous sections, it is possible to deduce easily the following Tietze-type extension theorems. Proof. Dual to Theorem 6.1 using now Theorem 5.5. 2
Notice that both extension theorems are in fact characterizations of N-spaces and strongly extremally preorderdisconnected spaces, respectively. For real-valued functions, these two extension theorems were obtained in [22] and [5] , respectively.
